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4.4.1Probability & Types of Events

Probability Basics

What key words and terminology are used with probability?

An experiment is arepeatable activity that has aresult that can be observed orrecorded
= Trials are what we call the repeats of the experiment
Anoutcome is a possible result of a trial
Aneventis an outcome ora collection of outcomes
= Eventsare usually denoted with capital letters: A, B, etc
= n(A)isthe number of outcomes that areincludedinevent A
= Anevent canhave one ormore than one outcome
A sample spaceis the set of all possible outcomes of an experiment
= Thisisdenoted by U
= n(U)is the totalnumber of outcomes
= |tcanberepresentedasalistoratable

How do | calculate basic probabilities?

If all outcomes are equally likely then probability for each outcome is the same

1

= Probability foreachoutcomeis =7~
/ n(U)

Theoretical probability of an event can be calculated without using an experiment by dividing the
number of outcomes of that event by the total number of outcomes

n(A)
n(U)

= Thisis givenin the formula booklet

= |dentifying all possible outcomes eitheras alist or a table can help
Experimental probability (also known as relative frequency) of an outcome can be calculated using
results from an experiment by dividing its frequency by the number of trials

Frequency of that outcome from the trials

= Relative frequency of an outcomeiis B
Total number of trials (n)

How do | calculate the expected number of occurrences of an outcome?

Theoretical probability can be used to calculate the expected number of occurrences of an outcome
fromn trials
If the probability of an outcome is p and there are n trials then:

= The expected number of occurrencesisnp

= Thisdoes not mean that there will exactly np occurrences
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= |fthe experimentisrepeated multiple times then we expect the number of occurrences to average /

outtobenp
Your notes
What is the complement of an event?

= The probabilities of all the outcomesaddup to1

= Complementary events are when there are two events and exactly one of them will occur
= Oneeventhastooccurbutboth events cannot occurat the same time

= The complement of event Ais the event where event A does not happen
= Thiscanbe thought of asnot A
= Thisisdenoted A’

P(A)+P(A") =1

= Thisisinthe formula booklet

« Itiscommonlywrittenas P(A") =1 —P(A)
What are different types of combined events?

= Theintersection of two events (A and B) is the event where both A and B occur
= Thiscanbethoughtof asAand B
= Thisisdenotedas A N B
= Theunion of two events (A and B) is the event where A or B or both occur
= ThiscanbethoughtofasAorB
= Thisisdenoted AU B
= The eventwhere A occurs given that event B has occurred is called conditional probability
= Thiscanbethought as A given B

= Thisisdenoted A | B

How do | find the probability of combined events?

= The probability of A or B (or both) occurring can be found using the formula

P(AUB)=P(A)+P(B)-P(ANB)

= Thisis givenin the formula booklet
= You subtract the probability of A and B both occurring because it has beenincluded twice
(onceinP(A)andonceinP(B))
= The probability of Aand B occurring can be found using the formula

P(ANB)=P(A)P(B|A)

= Arearranged versionis givenin the formula booklet
= Basically you multiply the probability of A by the probability of B then happening
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O Examiner Tip /

. . . . , Your notes
= |nanexamdrawing aVenn diagram or tree diagram can help evenif the question does not ask you

to
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@ Worked example

Dave has two fair spinners, A and B. Spinner A has three sides numbered 1, 4, 9 and spinner B has four
sidesnumbered 2, 3,5, 7. Dave spins both spinners and forms a two-digit number by using the spinner
Aforthe first digit and spinner B for the second digit.

T is the event that the two-digit number is a multiple of 3.

a) List all the possible two-digit numbers.

A ’rwo-waa table wau‘d be a 555+emahc way
to list all the oufcomes

12 B F 3
iz 13 15 17

kb2 43 45 4
919293 45 9%

b Find P(T).

_ n(T) “— Number of multiples of 3
() n (U)*— Total nuomber of outcomes

{12,15,6245 93} are the multiples of 3
(UM

<) Find P(T").
P(TY+ P(T')=) = P(T") =|-P(T)
T+ 1-
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Independent & Mutually Exclusive Events /
What are mutually exclusive events? Your notes

= Two events are mutually exclusive if they cannot both occur
= Forexample: whenrolling a dice the events "getting a prime number" and "getting a 6" are mutually

exclusive
= |f Aand B are mutually exclusive events then:
- P(ANB)=0

What are independent events?

= Two events are independent if one occurring does not affect the probability of the other occurring
= Forexample: when flipping a coin twice the events “getting a tails on the first flip” and “getting a
tails onthe second flip” are independent
= |[f AandBareindependent events then:

- P(A|B)=P(A) ana P(B|A) =P(B)
= |[f AandBareindependent events then:
« P(ANB)=P(A)P(B)
= Thisis givenin the formula booklet
= Thisis auseful formulato test whether two events are statistically independent

How do | find the probability of combined mutually exclusive events?

= |f Aand B are mutually exclusive events then

P(AUB)=P(A)+P(B)
= Thisis givenin the formula booklet

= Thisoccurs because P(A N B) =0

! . . .
= Foranytwo events Aand Bthe events ANBand AN B are mutually exclusive and A is the union
of these two events

. P(A)=P(ANB)+P(ANB")

= Thisworks forany two events Aand B
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@ Worked example

a) Astudentis chosen atrandom from a class. The probability that they have adogis 0.8, the
probability they have a catis 0.6 and the probability that they have a cat oradogis 0.9.
Find the probability that the student has both adog and a cat.

Let D be event " has a dog' and C be “has a @t
P(D v )= P(D) +P(0) -P(DNc)

09 = 0% +06 -P(DnC)
P(0n(): 05

o) Two events, Q and R, are such that P(Q) =0.8 and P(Q N R) =0.1.
Giventhat Q and R are independent, find P(R).

Qund R independent = P(QnR) =P(Q)P(R)
01:08:P(R) - P(R): g
PR)- 0125 o 3

c) Two events, Sand T, are such that P(S) = 2P( T) .
Giventhat Sand T are mutually exclusive and that P(S U T) =0.6 find P(S) and P( T).

Soand T mutually exclusive P(SuT) = P(s)+P(T)

0.6= P(S) + P(T)
0.6- 20Ty p(r) )22

06 - 3P(T) “\
P(T) =02 and P(S)=04
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4.4.2 Conditional Probability

Conditional Probability
What is conditional probability?

= Conditional probability is where the probability of an event happening can vary depending on the
outcome of a priorevent

= The event A happening given that event B has happenedis denoted A|B
A common example of conditional probability involves selecting multiple objects from a bag without
replacement

= The probability of selecting a certainitem changes depending on what was selected before

= Thisis because the total number of items will change as they are not replaced once they have
been selected

How do | calculate conditional probabilities?

= Some conditional probabilities can be calculated by using counting outcomes
= Probabilities without replacement can be calculated like this
= Forexample: There are 10 ballsinabag, 6 of them are red, two of them are selected without
replacement
= To find the probability that the second ball selected is red given that the first one isred count
how many balls are left:

= Aredone has already been selected so there are 9 balls left and 5 are red so the probability is

5

9

= You canuse sample space diagrams to find the probability of A given B:
= reduceyoursample space tojustinclude outcomesforevent B
= find the proportion that also contains outcomes forevent A

= Thereisaformulafor conditional probability that you canuse

P(ANB)
P(B)
= Thisis givenin the formula booklet

« Thiscanberearrangedtogive P(A N B) =P(B)P(A | B)

- P(A|B)=
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@ Worked example

Inaclass of 30 students: 19 students have a dog, 17 students have a cat and 11 have bothadogand a
cat. One studentis selected atrandom.

a) Find the probability that the student has a dog.

let D be evest  has a dog“ and C be “has a at”

P(D)= i(_D) = Numl)er who haue dDC&S

0 (U) < Total number of students
PO = 33

b) Find the probability that the student has a dog given that they have a cat.

I} hae a at of which (I also have a dog

P(D/C) = :‘} Could also we P(dlc) = E(IETT?

C) Find the probability that the student has a cat given that they have a dog.

19 hae o dDg of which Ul also have o cat

P(('D) " :_lq COU‘d 0'50 use P(( |D) . %‘%’)
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4.4.3 Sample Space Diagrams 4

Your notes

Venn Diagrams
What is a Venn diagram?

= AVenndiagramis away toillustrate events from an experiment and are particularly useful when there is
anoverlap between possible outcomes
= AVenndiagram consists of
= arectangle representing the sample space (U)
= Therectangleislabelled U
= Some mathematiciansinsteaduse Soré
= acircleforeachevent
= Circles may or may not overlap depending on which outcomes are shared between events
= Thenumbersinthe circlesrepresent either the frequency of that event or the probability of that event
= |fthe frequencies are used then they should add up to the total frequency
= |f the probabilities are used then they should addup to 1

What do the different regions mean on a Venn diagram?

« Alis represented by the regions that are notin the A circle
= AN Bisrepresented by the region where the A and B circles overlap

= AUBis represented by the regions thatare in A or B or both
= Venndiagrams show ‘AND’ and ‘OR’ statements easily
= Venndiagrams also instantly show mutually exclusive events as these circles will not overlap
= Independent events cannot beinstantly seen
= Youneedtouse probabilities to deduce if two events are independent
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A u B (UNION)

‘A OR B OR BOTH" "A AND B"

A n B (INTERSECTION)

S

"NOT A"

A’ (COMPLEMENT)

.

THE BUBBLE FOR EVENT B LIES
ENTIRELY IN THE BUBBLE FOR EVENT A
IF EVENT B OCCURS, SO DOES EVENT A
(BUT NOT NECESSARILY VICE VERSA)

A B C THE BUBBLES FOR EVENTS
A AND C DO NOT OVERLAP:
THEY ARE MUTUALLY EXCLUSIVE
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How do I solve probability problems involving Venn diagrams?

= Draw, oraddto agivenVenndiagram, fillingin as many values as possible from the information
providedin the question
= |tisusually helpfulto work from the centre outwards
= Fillinintersections (overlaps) first
= |ftwo events are independent you can use the formula
- P(AN B)=P(A)P(B)
= Tofind the conditional probability P(A | B)
= Addtogetherthe frequencies/probabilitiesin the B circle
= Thisis yourdenominator
= Qutof those frequencies/probabilities add together the ones that are also in the A circle
= Thisisyournumerator
= Evaluate the fraction

A B |G

Event A|B
"A given B"

il P(ANB) é//—E: Shade second
- P(B) PE» Shade first

"double shading"
"single shading"

P(A|B) =

© Examiner Tip

= |fyoustruggle tofillinaVenndiagraminanexam:
= | abelthe missing parts using algebra
= Form equationsusing known facts such as:
= the sum of the probabilities should be 1
= P(ANB)=P(A)P(B)if Aand B are independent events
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@ Worked example

40 people are asked if they have sugar and/or milk in their coffee. 21 people have sugar, 25 people
have milk and 7 people have neither.

a)  DrawaVenndiagram to represent the information.
Find the ertre first
?/_xw “ Total should be 40
l\?xiils ql? (U-x) +a+ (25-x) +3 =40

83-x:40 - x:=13

u

(+8).

b) One of the 40 people are randomly selected, find the probability that they have sugar but not
milk with their coffee.

S ond not M is the part of S cincle that does
not incdude M

P(sam)= 25 Remember fo worte as a frachon
i‘\/op the total
P(sam') = &

c) Giventhat a person who has sugaris selected atrandom, find the probability that they have milk

with their coffee.

G'wm H’\cﬂ Sugm' has been se]edeo\ we on|5 want ’rhe
S drnle as our total,
Ost of th § cgrde 13 also hae milk

P(Mls) = 3>
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Tree Diagrams
Whatis a tree diagram?

= Atreediagramis anotherway to show the outcomes of combined events
= They are very useful forintersections of events
= The events onthe branches must be mutually exclusive
= Usually they are an event and its complement
= The probabilities onthe second sets of branches can depend on the outcome of the first event
= These are conditional probabilities
= Whenselecting the items fromabag:
= The secondset of branches will be the same as the first if the items are replaced
= The secondset of branches will be the different to the first if the items are not replaced

How are probabilities calculated using a tree diagram?

= To find the probability that two events happen together you multiply the corresponding probabilities
ontheirbranches

= |tis helpful to find the probability of all combined outcomes once you have drawn the tree
= To find the probability of an event you can:

= addtogether the probabilities of the combined outcomes that are part of that event
= Forexample: P(A U B) = P(A N B) + P(A N B’) + P(A' N B)
= subtract the probabilities of the combined outcomes that are not part of that event from 1

= Forexample: P(A U B) =1- P(A' N B’)

15t EXPERIMENT 2" EXPERIMENT

P (B|A) B P(A n B)
45* P(A n B

S 1 A P (B’|A)

i B P (A’ N B)
P(B’|AN S B’

P (A’ n B’)

Dol have to use a tree diagram?

= |f there are multiple events or trials then a tree diagram can get big

= You can break down the problem by using the words AND/OR/NOT to help you find probabilities
withoutatree
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= You canspeedup the process by only drawing parts of the tree that you are interested in

Which events do | put on the first branch?

= |fthe events A and B are independent then the order does not matter

= [fthe events A and B are notindependent then the order does matter
= |fyou have the probability of A given B then put B on the first set of branches
= |fyouhave the probability of B given A then put A on the first set of branches

O Examiner Tip

= |nanexamdo notwaste time drawing a full tree diagram for scenarios with lots of events unless

the question asks you to
= Onlydraw the parts that you are interested in
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@ Worked example

20% of peopleinacompany wear glasses. 40% of people in the company who wear glasses are right-
handed. 50% of people in the company who don’t wear glasses are right-handed.

a) Draw a tree diagram to represent the information.

let G be the evest weass glam" and R be "is nghf-harded"

0’“‘/2_\ 407, of people who wear

zﬁ 0bg' ghs:;es are ri3h+-handed

0.9 c 05’/&\5079 of Peop’e who dont wear

03~ | Qlasses are right-handed

an(}ti
add o)

b) One of the people in the company are randomly selected, find the probability that they are
right-handed.
Find options that conton R
0t2R  P(GNR)=0.2xD4& = 0.08
Nulhpla
v g,
ol
03 C' y‘i P(G'NR)= 0.5% 0.5 =04
6‘5\\ Q'
P(R) = P(GNR)+ P(GOR') = .08 +0.4
P(R) = 0.k
c)

Giventhat a personwhoisright-handed is selected at random, find the probability that they
wear glasses.
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_ P(C.(\R) - 0& Your notes
PaIR) = PR) ~ 0.43

PGIRY:
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